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Abstract

ntegratlon of mathematically distinct approaches allowed us to
link interpolated (rarefaction) curves and extrapolated curves to
plot a uni ed species accumulation curve for empirical examples.

We provide new, unconditional variance estimators for classical,

Aims

In ecology and conservation biology, the number of species
counted in a biodiversity study is a key metric but is usually a biased
underestimate of total species richness because many rare species
are not detected. Moreover, comparing species richness among
sites or samples is a statistical challenge because the observed num-
ber of species is sensitive to the number of individuals counted or
the area sampled. For individual-based data, we treat a single, em-
pirical sample of species abundances from an investigator-de ned
species assemblage or community as a reference point for two es-
numbers of sampling units.

Methods

The rst objective is a problem in interpolation that we address

with classical rarefaction (multinomial model) and Coleman

rarefaction (Poisson model) for individual-based data and with
sample-based rarefaction (Bernoulli product model) for incidence
frequencies. The second is a problem in extrapolation that we
address with sampling-theoretic predictors for the number of
species in a larger sample (multinomial model), a larger area
(Poisson model) or a larger number of sampling units (Bernoulli
product model), based on an estimate of asymptotic species

individual-based rarefaction and for Coleman rarefaction, Tong
missing from the toolkit of biodiversity measurement. We illustrate
these methods with datasets for tropical beetles, tropical trees and
tropical ants.

Important Findings

Surprisingly, for all datasets we examined, the interpolation (rarefac-
tion) curve and the extrapolation curve meet smoothly at the refer-
ence sample, yielding a single curve. Moreover, curves representing
95% con dence intervals for interpolated and extrapolated richness
estimates also meet smoothly, allowing rigorous statistical compar-
ison of samples not only for rarefaction but also for extrapolated
richness values. The con dence intervals widen as the extrapolation
moves further beyond the reference sample, but the method gives
reasonable results for extrapolations up to about double or triple
the original abundance or area of the reference sample. We found
that the multinomial and Poisson models produced indistinguishable
results, in units of estimated species, for all estimators and datasets.
For sample-based abundance data, which allows the comparison of
all three models, the Bernoulli product model generally yields lower
richness estimates for rare ed data than either the multinomial or the
Poisson models because of the ubiquity of non-random spatial
distributions in nature.
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INTRODUCTION

Exhaustive biodiversity surveys are nearly always impractical
orimpossible (
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Coleman et al. (1982) provide an estimator for the variance
of Syrea(@) conditional on the reference sample. We postpone
specibcation of S, for a later section.

Comparing the multinomial and Poisson models for
interpolation
How different are the rarefaction estimates of species richness

estimators under the multinomial and the Poisson models?
From Equations (4) and (6), the estimates from the two models
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where  ¢cov(Q;Q)=Q[1 - Q=(Sws+Q)] for i=j and
cov(Q:; Q)= — QQ=(Sos + Q) for i #j. (For simplicity, we
write Sfor Sample(T + t*) in the above variance formula.)
Equations (18) and (19), above, both require an estimate of
Qo, the number of species present in the assemblage but not
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Figure 2: individual-based interpolation (rarefaction) and extrapolation from two reference samples (Plled black circles) of beetles from south-
western Costa Rica Janzen 1973a 1973b), illustrating the computation of estimators from Fig. 1a for the multinomial model, with 95% un-
conditional conPdence intervals. (a) Osa old-growth forest sample. (b) Osa second-growth forest sample (9 Comparison of the curves from
the samples in (a) and (b). Based on observed richness,S,,s, the Osa second-growth assemblage (with 140 species in the reference sample)
is richer in species than the Osa second-growth assemblage (with 112 species in the reference sample), but after rarefying the second-growth
sample to 237 individuals to match the size of the old-growth sample (open black circle), the second-growth sample has only 70 species. Clearly the
old-growth assemblage is richer, based on these samples.

2102 ‘2T Arenuer uo 1sanb Aghio sfeulnolpiosxo-adly:dnuyuoly papeojumog


http://jpe.oxfordjournals.org/

sample (Fig. 2c, open point), using the multinomial model
(Equation 4), the ordering of the two sites is reversed. The in-
terpolated species richness for 237 individuals in the second-
growth site is only 70, considerably less than primary site, with
112 species. Moreover, the 95% conbdence intervals do not
overlap (Fig. 2¢).

Individual-based rarefaction of abundance data, like the
interpolation analysis above, has been carried out in this
way for decades. Here, we apply individual-based rarefaction
and extrapolation to the same reference sample for the prst
time. Applying the multinomial model (Equation 9) to the
Janzen dataset to increase the sample size (number of individ-
uals) in each site yields the extrapolated curves (broken line
curves) for each site is shown in Fig. 2. Even though the
mathematical derivations for interpolation and extrapolation
are fundamentally different, the interpolation and extrapola-
tion curves join smoothly at the single data point of the
reference sample.

In Table 25 using the multinomial model (classical rarefac-
tion), we show for the Osa old-growth data ( Sps=112, n =237
in the reference sample): (i) values for the interpolated esti-
mate Sng (m), for values of m from 1 up to the reference sample
size of 237 individuals (Equation 4), along with the uncondi-
tional standard error (SE, Equation 5) values that are used to
construct the 95% conbdence intervals shown in Fig. 2aand ¢
(ii) the extrapolated estimate Snq(n+m*) (Equation 9), where
m* ranges from 0 to 1 000 individuals, along with the uncon-
ditional SE (Equation 10); and (iii) the number of additional
individuals rﬁg required to detect proportion g of the estimated
assemblage richness (Equation 11), forg
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For both samples, the unconditional variance, and thus
the 95% conbdence interval, increased with sample size.
For extrapolation, the SE values are relatively small up to
a doubling of the reference sample, signifying quite accurate
extrapolation in this range. For the Osa old-growth site
(Table 25 Fig. 2a), the extrapolation is extended to bve times
of the original sample size in order to compare with the Osa
second-growth curve. This long-range extrapolation (>3 3
the original sample size) inevitably yields very wide conp-
dence intervals. For the Osa second-growth site (Table 2b;
Fig. 2b), the extrapolation is extended only to double the
reference sample size (not fully shown in Fig. 2b) yielding
a quite accurate extrapolated estimate with a narrow
conbdence interval.

Based onFig. 2, even though the Osa old-growth site extrap-
olation for large sample sizes exhibits high variance, the old-
growth and second-growth conbdence intervals do not overlap

for any sample size considered. This implies that beetle species

richness for any sample size is signipcantly greater in the

old-growth site than that in the second-growth site for sample
size up to at least 1 200 individuals.

Tropical beetles: individual-based rarefaction and
extrapolation (Poisson model)

In addition to applying estimators based on the multinomial
model, we also analysed the Janzen beetle dataset with estima-
tors based on the Poisson model, including Coleman area-based
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multinomial model (Equation 1). Moreover, the similarity
applies not only to rarefaction (as previously noted by Brewer
and Williamson 1994 ) but also to extrapolation. Figure 3 shows
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between 500 and 1 600 individual s, based conservatively on
non-overlapping conbdence intervals. Due to the
prevalence of rare species in old-growth tropical forests
and widespread dispersal limitation of large-seeded animal-
dispersed species, tree spees richness is slow to recover
during secondary succession and may require many decades
to reach old-growth levels, ev en under conditions favorable
to regeneration.

Tropical ants: sample-based rarefaction and
extrapolation for incidence data (Bernoulli product
model)

Longino and Colwell (2011) sampled ants at several elevations
on the Barva Transect, a 30-km continuous gradient of wet
forest on Costa RicaOs Atlantic slope. For this example, we
use results from bve sites, at 50-, 500-, 1 070-, 1 500- and
2 000-m elevation, to illustrate sample-based rarefaction and
extrapolation. The sampling unit consisted of all worker ants
extracted from a 1-m 2 forest Boor plot, applying a method called
Omini-Winkler extraction®. Because ants are colonial and the
colony is the unit of reproduction, scoring each sampling unit
for presence or absence of each species makes more sense than
using abundance data (Gotelli et al. 2011). A sample-by-species
incidence matrix was therefore produced for each of the bve
sites. The incidence frequency counts for the Pve sites appear
in Table 6.

The results for sample-based interpolation and extrapola-
tion from these bve sites (at bve elevations), under the Ber-
noulli product model, appear in Table 7and Fig. 4b. For each
of the bve samples, Table 7 shows: (i) values for the interpo-
lated estimate Ssample(t), under the Bernoulli product model
(Equation 17), for values of tfrom 1 up to the reference sam-
ple size T for each elevation (T =599, 230, 150, 200, 200 sam-
pling units), along with the unconditional SE values ( Colwell
et al. 2004, their Equation 6) that are used to construct the
95% conbdence intervals shown in Fig. 4b; and (ii) the
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Figure 4: (a) individual-based interpolation (rarefaction) and ex-

extrapolated estimate ésamme(T +t*), where t* ranges from 401
to 800 sampling units, to extrapolate all elevations to 1 000
sampling units (Equation 18), along with the unconditional
SE (Equation 19).

DISCUSSION

In this paper, we developed a unibed theoretical and notational
framework for modeling and analyzing the effects on observed
species richness of the number of individuals sampled or the
number of sampling units examined in the context of a single,
quantitative, multispecies sample (an abundance reference sam-
ple) or a single set of incidence frequencies for species among
sampling units (an incidence reference sample). We compared
three statistically distinct models, one based on the multinomial
distribution, for counts of individuals ( Fig. 1a), the second based
on the Poisson distribution, for proportional areas ( Fig. 1b), and
the third based on a Bernoulli product distribution, for incidence
frequencies among sampling units (Fig. 1c).

For interpolation to samples smaller than the reference
sample, these correspond to classical rarefaction Hurlbert
1971), Coleman rarefaction (Coleman 1981) and sample-
based rarefaction (Colwell et al. 2004). For the Prst time,
we have linked these well-known interpolation approaches
with recent sampling-theoretic extrapolation approaches, un-
der both the multinomial model ( Shen et al. 2003) and the
Poisson model (Chao and Shen 2004), as well as to methods
for predicting the number of additional individuals (multino-
mial model, Chao et al. 2009) or the amount of additional area
(Poisson model, Chao and Shen 2004) needed to reach
a specibed proportion of estimated asymptotic richness. For
the Bernoulli product model, we have developed new estima-
tors, using a similar approach, for sample-based extrapolation
(Fig. 1c). The fundamental statistics for all these estimators are
the abundance frequency counts f,Nthe number of species
each represented by exactly X; = k individuals in a reference
sample (e.g. Tables 1 and 4)Nfor individual-based models,
or the incidence frequency counts QNthe number of species
that occurred in exactly Y; = k sampling units (e.g. Table
6)Nfor sample-based models.

This novel integration of mathematically distinct approaches
allowed us to link interpolated (rarefaction) curves and extrap-
olated curves to plot a unibed species accumulation curve for
empirical examples (Figs 2and 4). Perhaps the most surprising
(and satisfying) result is how smoothly the interpolated and
extrapolated moieties of the curve come together at the refer-
ence sample, in all examples we have investigated. The remark-
able degree of concordance between multinomial and Poisson
estimators (e.g.Fig. 3), not only for interpolation (as anticipated
by Brewer and Williamson [1994] and Colwell and Coddington
[1994]) but also for extrapolation (as brst shown here), was
a second surprise, although the two models are closely related,
as discussed earlier. We see little reason, for individual-based
data, to recommend computing estimators based on one model
over the other (although Coleman curves are computationally
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less demanding than classical rarefaction), and no reason what-
soever to compute both.

The ability to link rarefaction curves with their correspond-
ing extrapolated richness curves, complete with unconditional
conbdence intervals, helps to solve one of most frustrating
limitations of traditional rarefaction: Othrowing away® much
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statistically different from the richness of a random sample of
the same size drawn from the larger reference sample, Y
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distributions with approximately equal variances, overlap or
non-overlap of 84% conbdence intervals (mean plus or minus
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