


et al. (2006), Gotelli and Colwell (2011), Gotelli and
Chao (2013) and Chao and Chiu (2016) for various
applications. For two assemblages, shared species rich-
ness plays an important role in assessing assemblage
overlap and forms a basis for constructing various types
of beta diversity and (dis)similarity measures, such as
the classic Sørensen and Jaccard indices (Colwell and
Coddington 1994, Magurran 2004, Jost et al. 2011,
Gotelli and Chao 2013). Compared with estimating spe-
cies richness in a single assemblage, the estimation of
shared species richness, taking undetected species into
account, has received relatively little attention; see Chao
and Chiu (2012) for a review.

In traditional measures of species diversity, all species
(or taxa at some other rank) are considered to be equally
distinct from one another. Species differences can be
based directly on their evolutionary histories, either in
the form of taxonomic classification or well-supported
phylogenetic trees. A rapidly growing literature addresses
phylogenetic diversity metrics and related (dis)similarity
measures; see Cavender-Bares et al. (2012) for a review.
A widely used phylogenetic metric is Faith’s (1992) PD
(phylogenetic diversity), which is defined as the sum of
the branch lengths of a phylogenetic tree connecting all



For species diversity, we apply the Good-Turing for-
mula to intuitively derive an estimator of the number of
undetected species in an assemblage. The resulting esti-
mator turns out to be the Chao (1984) non-parametric
lower bound. The two-assemblage generalized formula
yields Pan et al.’s (2009) lower bound of the number of
undetected shared species when a sample of individuals
is taken from each of two assemblages. For phylogenetic
diversity, the unified approach yields a recently pub-
lished estimator of undetected PD in a single assemblage



In other words, ar should be estimated by r*/n, where
r* = (r + 1)fr+1/fr. The Good-Turing frequency formula is
thus contrary to most people’s intuition because the esti-
mator in (1c) depends not only on the sample frequency r
of the focal species, but also on the frequency information
derived from species in the next frequency class, r + 1.

Good (1953) used a fully Bayesian approach to theoret-
ically justify the formula (1c), whereas Robbins (1968)
derived it as an empirical Bayes estimator. Good (2000)
wrote “when preparing my 1953 article, I had forgotten
Turing’s somewhat informal proof in 1940 or 1941, which
involved cards or urn models in some way, and I worked
out a separate proof [Bayes estimator]. I still don’t recall
Turing’s proof.” Nevertheless, Good (1983, p. 28) pro-
vided a very intuitive non-Bayesian justification of the
Good-Turing frequency formula as follows: Given an
original sample of size n, consider the probability of the
event that the next individual will be a species that had
appeared r times in the original sample. (Mathematically,
this probability is simply

PS
i¼1 piIðXi ¼ rÞ ¼ arfr , as

defined in Eq. 1a.) If this event occurs, then the species to
which the additional individual belongs must appear
r + 1 times in the enlarged sample of size n + 1. Because
the order in which individuals were sampled is assumed
to be irrelevant, the total number of individuals in the
enlarged sample of size n + 1 for those species (that
appeared in the additional individual and had appeared r
times in the original sample) is (r + 1)fr+1. Thus, the
probability of the aforementioned event in the enlarged
sample of size n + 1 is ðrþ 1Þfrþ1 =ðnþ 1Þ, which can be
approximated by ðrþ 1Þfrþ1 =n if n is large enough.
Dividing this by the number of such species, fr, we obtain
the mean relative abundance of those species, which is the
classic Good-Turing frequency formula as given in
Eq. (1c). Chiu et al. (2014b) proposed an improved for-
mula âr shown below for r = 0, 1, 2, . . .,

âr ¼ ðrþ 1Þfrþ1

ðn� rÞfr þ ðrþ 1Þfrþ1
� ðrþ 1Þfrþ1

ðn� rÞfr : (1d)

This improved estimator generally has smaller mean
squared error than the original Good-Turing estimator.
In our subsequent derivation, we adopt the rightmost
term in Eq. (1d); a simple non-Bayesian proof is pro-
vided (in Appendix S1) to facilitate the generalization to
the two-assemblage case.

Undetected species richness

Statistically, species richness (observed species plus the



Notice that, in the above derivation, if â0�â1 (i.e.,
undetected species and singletons have identical mean rel-
ative abundances), then the inequality sign in Eq. (2c)



mean of the products among all such shared species
(there are frr such shared species) can be expressed as
arr ¼

PS12
i¼1 pi1 pi2 IðXi1 ¼ r; Xi2 ¼ rÞ=frr, r = 0, 1, 2. . .

The following generalized two-assemblage Good-Turing
formula provides an estimator for arr (see Appendix S1
for a proof):

ârr ¼ ðrþ



sample that are descended from branch i. Then we can
expand the set of observed species abundances to a lar-
ger branch abundance set fX �

i ; i ¼ 1; 2; . . .; Bg with
ðX



Undetected shared PD between two assemblages

Following the approach to the two-assemblage model
formulation and the data framework described in the
section Two-assemblage Good-Turing Formulas, we
assume that all S species of the pooled assemblage are
indexed by 1, 2,





that proposed in Eq. (8d) can be applied to each of the
three terms. The variance and confidence interval associ-
ated with this estimator follow directly from those for
the Chao1-shared estimator. Under the condition that
undetected species and singletons have approximately
homogenous abundances, the Chao1-FAD estimator is
nearly unbiased for any given species-pairwise distance
matrix.

A summary of formulas and descriptions for estimat-
ing shared species richness and FAD is given in
Appendix S3: Table S1, where the analogy between the
estimation procedures of the two measures can be seen.
Chao et al. (2014a) define a “functional entity” as a spe-
cies pair with one unit of distance between the two spe-
cies. In FAD, a functional entity plays the same role as a
“shared species” between two assemblages. For example,
a species-pair with distance dij = 5 is counted as 5
“shared species” (i.e., 5 functional entities). Thus the
measures of total distances of species pairs, {Frv, Fr+,
F+v, F++; r, v = 0, 1, 2, . . .}, play the same roles as the
counts of shared species richness {frv, fr+, f+v, f++; r,
v = 0, 1, 2, . . .} (defined in Eqs. 4a – 4d).

Undetected shared FAD between two assemblages

Under the two-assemblage model formulation and
data framework described in the section Two-assem-
blage Good-Turing Formulas, we further assume that
the functional distance between the i

http://www.phylodiversity.net/phylomatic
http://www.phylodiversity.net/phylomatic
https://github.com/AnneChao


species (including 110 singletons and 48 doubletons)
among 1794 individuals in the data from the Edge habi-

https://github.com/AnneChao


https://github.com/AnneChao


CONCLUSION AND DISCUSSION

We have generalized the original one-assemblage Good-
Turing frequency formula (Eqs. 1c and 1d) to the case of
two assemblages (Eq. 5c), and also extended it to a phylo-
genetic version (Eqs. 8b and 10b) as well as a functional

https://github.com/AnneChao
https://chao.shinyapps.io/GoodTuring/
https://chao.shinyapps.io/GoodTuring/




A similar procedure can be applied to FAD and other
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